
Completions

Inka If R is a ring MER an ideal the localization Ram tells us about

Zaziki open neighborhoods The completion Rm tellsus about smaller
neighborhoods In the k algebra case it tells us about Euclidean neighborhoods

We will see that if R kfx xz xn m xi xn then

Rm taxi xnD theformal power seriesring and HITm IYkax xnD

Ex R kcx.glcyz Then kC R and this induces the map

x y2 1 In K2 IT is just the projectiononto

fit
the x axis

1 In the standardEuclidean topology
IA Speck IT has nonzero derivative at oil

Gaykdormsothe inverse functiontheoremssaysthere is a neighborhoodU of O on

the line and a neighborhood V of 0 1 sit there is an analytic inverse

U V x air

However there is no algebraic inverse since y wouldhaveto be a square
root of Atl Which is not a polynomial However there is a power
series expansion Txt l K t which converges for 1 151
So we do have an inverse at the level of powerseries



We'll see that theabove actually holds in a more general setting

Before we gettothe definition of completions we need thefollowing
construction

let Ai ie be a collection of groups w J partiallyordered s t if

iEj 7 4ij Aj A a homomorphism with the following properties

1 Yiu identity
2 4irY.joYjp t iEjEk

Aryai e f
y

commutes
Ai

This is called aninversesystein The ihvim.it of the inverse

system is

LimAi a cIIA ai Yijlaj t iej in J

For the completion of a ring let R be a ring and MER an ideal

Then Mmi iez is an inverse system w YijMmi Mmi the
quotient

Then we define the completion w respect tome to be

Rm IimRtm g Cggz cftpmi gj giCmodmi for j i



It's clear that Pimis also a ringwith coordinate wise addition and
multiplication

For each i define

in g Cg gz c ITMmi I Jj O for j e i Each gj isequiv modmi

so Bhim Mmi since each ett of Hmi is a choiceof a single
i

equivalence class mod M

If MER is maximal then Tnt Mm a field so Fu is maximal

If g g gz epim but not in mic then g 1 0

Thus each gite4mi EMmi So each gi is a unit theonlymailidealcontainingmi is m

since gj gi modmi it follows that gj gi modm so

h Cgi gj ckm and is the inverse of g so g is a unit

Thus Pim is loyal in this case w Max't ideal m

Mmi 44mi m Rmfmim so we get the same completion if we
first localize at M

Ex R SCH an m x Mn We want to show that in fact

Im Sax xD



Note that Sam xnDfmi Rfmi so we have a naturalmap
7idealgem

bymi

sax xD Pim
f 1 ft M ftm2

In the other direction it f tm fatm2 c Rm Where for i j
f i fg terms ofdeg j

Then f t m f m2 f t fo f t f ta t e SEM xD
q f

deg I deg 2

Thus this is infacta formal powerseries and it's straightforward to check

that the mapis well defined i e independent of choice of fi

Another standard examplecomesfrom number theory

Ex Let pC12 be prime The ring cm writtenXp is the kingof
p adic integers we can do a similar construction as above

let a p act p2 e Xp Where OEAi c pi

Then for each i air ai modpi so pi a ai so set

ait ai bip bi s P
and we writethis as a powerseries called a padic expansion

a t b p t b p t so that thepartial sums givethesequence



g g
a tb p actaz a 92 etc

However Upi has torsion as an abeliangroup so addition of power
series works a little differently

ai Az t af af Ca ta modp a taj modp2

so for example in Rz

I l l 9,9 t l l l l O 2 2 10 10

and the corn powerseries expansions are

It 0.2 to22 1 23 t l O t l 2 t O Z t l 23

su addition is not term by term Instead we have to carry

I t 2.3 t2.32 t l 2.3 t 1.32 2 t 4.3 t 3.32 2 t 1.3 t l 32 I 3

Note that 7 Rpnaturally since for r O r s p some a w

r mod p to i e the kernelis 0

e.g in 72 I 1 I I and the power series expansion

1 2 t 22 2 t corresponds to the element 1 I I 231,2 l

But 1 I l t 1,22 l 0 so I t Z t t t 8t

Note that 12 Rp Any p adic expansion



ao ta p taz p't w 0C ai op corresponds to the element

Ao Aota P autaiptazp c Rp so this gives a bijection between

p adic expansions and Xp In particular Xp is uncountable

Propertiesotconpletion

Def If R is a ring MER an ideal then if the natural

map R Pim is an isomorphism we say 12 is Compte
Wilton When rn is max l we say R is a complete

local ring

Note Agm't goes to 0 in Rm so if R is complete w.tt rn

turn f mi O

let MER an ideal and denote R Rm
We have a natural map R Rhun

f fz fu

Then Fun is the kernel

Regall min is the elements of R whose jth coordinate
is in an V j and is thus 0 if jen

Note The elements of miR are generated by elts of theform
ah ah where a cmeh and Cr ER



In particular Ari c m so it's 0 for i Eh

miREmin This is an equality if R is Noetherian

but ingeneral theymay be different

Claim Fh is complete with respect to the filtrationbytheinn

PI By definition Ryman Mm so

I linenRhun lineRhin completion of B w ut TnOhio D

In the Noetherian case we get the following

th let R be Noetherian MER an ideal and Rhthe

completion with respect to m

a Rt is complete with respect to me

b T2 is Noetherian

C R is a flat R module

Pt See Eisenbud

Limits

Note that in the cases we've looked at I can be thought
of as limits of sequences in R



Ex in RCD the sequence ao Aot a x aotaixtazx2

converges to aix e R xD

Ex In 712 I I 2 It 2 22 converges toi i i
I 3 7

It 2 22 t l

More generally we define convergence as follows

Def A sequence a az E RA ges to an element
a c R if f he 12 there is an integer i h s t

a aj cTun f j z ith

In this case if i j2i n then

Ai aj c win so it's a Cauchy sequence

In fact the converse holds Exercise

In this case we write limai a

In fact this is the usual definition of a Cauchy sequence
if we put on R the topology generated by the basis
of sets at fun


